The Gap at v = 5/2 and the Role of Disorder in Fractional Quantum Hall States 
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Theoretical results for the gaps of fractional quantum Hall states are substantially larger than experimental 
values determined from the activated behaviour of charge transport. The disparity in the case of the enigmatic 
V = 5/2 state is worrying as it amounts to a factor 20 to 30. We argue that disorder effects are responsible for 
this disparity and show how intrinsic gaps can be extracted from the measured transport gaps of particle-hole 
symmetric states within the same Landau level. We present new theoretical results for gaps at v = 5/2 and 7/2, 
as well as at V = 1/3, 2/5, 3/7 and 4/9, based on exact diagonalizations, taking account of the finite thickness 
of the two-dimensional electron layer and Landau level mixing effects. We find these to be consistent with the 
intrinsic gaps inferred from measured transport gaps. While earlier analyses (Du et al, Phys. Rev. Lett. 70, 2944 
(1993)) assumed constant broadening for each sample, our results for the disorder broadening depend on the 
filling fraction, and appear to scale with the charge of the elementary excitations of the corresponding fractional 
state. This result is consistent with quasiparticle mediated dissipative transport. 



The gaps obtained from analyzing the activated 
temperature-dependence of the longitudinal conductance 
near the center of fractional quantized Hall (FQH) plateaus 
in GaAs heterostructures [|| ^ disagree with the values 
obtained from direct diagonalizations of finite systems 
This is the case even taking account of the softening of the 
Coulomb interaction between electrons resulting from the 
non-zero thickness of the 2D electron layer and of Landau 
level mixing effects. The discrepancies can be around a factor 
of two in the highest mobility samples for FQH states in the 
lowest Landau level (LLL). For FQH states in the second 
Landau level the discrepancies are even larger, as much as a 
factor of 20 at filUng fraction v = 5/2 [||[|]] and a factor of 
30 at V = 7/2 [^. Such large discrepancies make one wonder 
whether the v = 5/2 state has been correctly identified. 

Here, we argue that disorder effects are responsible for 
these discrepancies. We show how the intrinsic gap of FQH 
states, that are strongly affected by disorder, can be estimated 
directly from measurements of the transport gaps using a sim- 
ple model. These estimates are consistent with results we ob- 
tain from exact diagonalizations of finite systems provided we 
take account both of the non-zero width of the electron wave- 
function in the direction perpendicular to the two-dimensional 
electron layer and of Landau level mixing (LLM). Our analy- 
sis also provides estimates for the reduction of the measured 
activation gaps relative to the disorder-free intrinsic gaps — 
the so-called 'disorder broadening'. We find that the disorder- 
induced gap reduction depends on the FQH state studied and 
is roughly proportional to the fractional charge of the corre- 
sponding elementary excitations. This is not in agreement 
with previous analyses of FQH gaps near v = 1/2 which 
assumed a filling factor independent disorder broadening of 
electronic states [||. These gave intrinsic gaps which scaled as 
|Bv — ^1/2!^ where is the magnetic field at which the filling 
is precisely v, and implied an effective mass of the composite 
fermions which is independent of the filling fraction, contrary 
to theoretical predictions [^. Our results show that, using a 
combination of the scaling analysis (described here) and com- 



parisons with the results of exact diagonalizations, it will be 
possible to extract from measurements of activation energies 
reliable estimates both for the intrinsic FQH gap and for the 
disorder-induced gap reduction. 

This work has been motivated by the observation of a trans- 
port gap for a FQH state at v = 7/2 by Eisenstein et al. [^, 
and by their report of transport gaps for the v = 7/2 and 5/2 
FQH states of A"(7/2) = 0.07K and A"(5/2) = 0.31K. The 
latter is almost a factor of three larger than the earlier value 
A" (5/2) = O.llK (first reported in reference and con- 
firmed in [||]). The smaller gaps at v = 5/2 were obtained for 
samples with electron density ris = 2.3 x lO'Vcm^, whereas 
the most recent results are for = 3 x lO'Vcm^ [^. The 
factor of three difference between the new and old results for 
A"(5/2) cannot result from Coulomb interaction effects alone, 
as these scale with ^/ns- 

A FQH state at v = 7/2 is expected on theoretical grounds. 
Its structure should be very similar to that of the v = 5/2 
state, as these two states are related by particle-hole conjuga- 
tion symmetry, which becomes exact in the limit when LLM 
can be neglected. In that limit, if the energy gaps are purely 
controlled by the Coulomb interaction. 



(1) 



the intrinsic gaps A'(v) of pure (disorder-free) systems can be 
written as 



A'(v) = 5(v)£,. 



(2) 



The symbol £0 in equation ([l|) stands for the magnetic length, 
defined in terms of the magnetic field B, by £0 = ^Hc j eB, 
and K is the dielectric constant of the semiconductor mate- 
rial. For physically equivalent FQH states at fillings v and 
v' (those related by particle-hole conjugation symmetry), the 
coefficients 5(v) and 5(v') in (^ will be the same and the 
difference in the gap values A'(v) and A'(v') will reflect the 
difference in the Coulomb energy scale at the magnetic 
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Figure 1: The activation gaps, A''(v) from reference [g] plotted 
against Ec = e^/K^o for v = 5/2 (right) and 7/2 (left). The slope 
of the straight line through the measured gaps (cf. eq. (^) yields a 
coefficient 5(5/2) = 0.014, i.e. A; = 0.014£c, and via the intercept, 
an estimate of the gap reduction due to disorder rf^- ~ 1-2K. 



fields By and By' which the FQH states occur. This will 
happen for v' = 2 — v, and in the second Landau level, when 
5(2 +v) = 8(2 + (2 - v)), implying 5(5/2) = 5(7/2). If, in 
addition, spin-mixing effects can be neglected, FQH states at 
filling fraction v can be mapped to states at v' = 1 — V. As 
an example, we expect that gaps of fractional states at v = 
1/3,2/3,4/3 and 5/3 will all be described by the same coef- 
ficient 5(1/3) as long as the Zeeman energy is large enough to 
suppress spin reversal in all these states, and as long as LLM 
effects can be neglected. 

On the basis of equation (^, we analyze the measured gaps 
of symmetry related states as a function of Ec to extract an es- 
timate of the dimensionless coefficient 5(v). In Figure 1, we 
show the gap results from for the v = 5/2 and 7/2 states as 
a function of Ec- The slope of the straight line through the two 
gap values yields 5(5/2) w 0.014. This is just ~ 35% smaller 
than the theoretical estimate for a spin-polarized paired state 
of the Moore-Read type 5"' (5/2) w 0.022, which was 
computed without taking account of LLM effects . The in- 
tercept of the straight line gives an estimate of the gap reduc- 
tion due to disorder, r(5/2) « 1.24K, which is only slightly 
less than the estimate for the intrinsic gap itself. We empha- 
size that the estimate for Y for the two states is based solely 
on the assumption that the 7/2 and 5/2 states are particle- 
hole conjugates of each other and that the Coulomb interac- 
tion dominates the value of the intrinsic gap. Although, in 
practice, the state at v = 7/2 is likely to be more strongly 
affected by LLM than that at v — 5/2, the assumption of 
particle-hole symmetry between the two states should still be 
approximately valid. In the following, we show that the ef- 
fects of LLM reduce the theoretical value to 5''' (5 /2) w 0.016, 
so that the discrepancy between theoretical and experimental 
estimates of the gap at 5/2 essentially disappears. This pro- 
vides further support for the identification of the FQH state at 
V = 5/2 as a paired state [[o[ [ll|]. 

We have also reanalyzed older results for FQH states at fill- 
ing V = p/{2p + l) and {p + l)/{2p + l). We define the gap 



reduction r(v), as the difference between the measured acti- 
vation gaps, A"(v), and the intrinsic gap A'(v) ~ d{v)Ec: 

A"(v)=5(v)£,-r(v). (3) 

As for the 5/2 system, we assume that the dominant contri- 
bution to the FQH gaps comes from the Coulomb interaction 
of the electrons, so that the symmetry related states in the set 
Sy — {v, (1 — v), 1 +V, 2 — v} are all described by the same 
coefficient 5v. If in addition, we assume that the gap reduc- 
tion r(v') has the same value Fv for all states v' in Sy, the 
activation gap is approximated by 

A"(v') w 5v£c - Tv V v' e 5v. (4) 

This allows us to use the measured transport gaps A"(v') at 
v' = V, (1 — v), ... to obtain estimates, 5""' and F^', for the 
intrinsic gap and the gap reduction for each family Sy. 

The disorder scattering in the GaAs heterostructures, for 
which studies of the activated transport have been reported, 
is thought to be due mainly to ionized donors separated from 
the electron gas by a spacer layer of width d, where d ^ 8004 
[|^]. Our assumption that Fv is the same for all states v' in Sy 
is equivalent to assuming that, for a given sample, the effect 
of these ionized donors on the FQH states and the low-lying 
excitations will be the same for the FQH states at filling frac- 
tions in the set Sy . In the limit lo/d <^ 1 the response of the 
system on the length scale d should be close to that of point- 
like quasiparticles, so that Fv may depend on properties of the 
low-lying excitations like their charge q, which will be com- 
mon to symmetry related states in the set Sy but different for 
inequivalent sets Sy. However effects related to the internal 
structure of the excitations, which would result in an addi- 
tional dependence of Fv on the ratio Iq / d, are assumed to be 
small. When we compare with our results from exact diago- 
nalizations, this assumption appears reasonable for the filling 
fractions close to 1/2 (see below). 

In Figure 2, we show the measured gaps taken from [|lj ^ ^ 
for three different very high-mobility samples at filling frac- 
tions V = p/{2p + 1), v' = 1 — V, and v' = 2 — v for p = 1 
(Figure 2a), p ~2 (Figure 2b) and p = 3 (Figure 2c) as func- 
tion of Ec- Samples A and B of [0] have an electron den- 
sity ns of (1.12 and 2.3)xlO'Vcm and mobilities /j =(6.8 
and 12)x lO^cm^/Vs. The sample of [[l|] (which we will 
call sample C) has 11$ = 1.65 x 10^'/'^^^^ ™d ^ mobility 
/J — 5 X lO^cm^/Vs. Gaps at v = 5/3 and 4/3 were reported 
for sample A in |]^. The dependence of the gap on total mag- 
netic field in a tilted field experiment showed that at v = 5 /3 
the ground and low-lying excited states were spin-polarized. 
At V = 4/3 the ground state was not spin-polarized for tilt an- 
gles up to 65.1° while the excitations involved spin-reversals 
up to even larger tilt angles. We therefore assume that only 
the states atv = 1/3, 2/3 and 5/3 are related by symmetry 
and not the state at V =4/3. We show the measured gaps 
in untilted field as a function of E^ in Figure We note 
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Figure 2: The measured activation gaps, A''(v) plotted against the 



Coulomb energy Ec 



Triangles and asterisks respectively 
refer to samples A and B in |8|], diamonds represent results from 
!§]. (a) Gaps at V = 1/3, 2/3, 5/3. (b) Gaps at v = 2/5, 3/5. (c) 
Gaps at V = 3 /7, 4/7. The slope of A" vs. Ec gives an estimate of the 
intrinsic gap A' ~ 5v£e of the set 5v of symmetry related states. Sam- 
ples of differing quality lead to similar slopes 8v of the straight line 
fit, but to different intersections at Ec = 0, which provide estimates 
for the gap reduction Fy" for that family Sy. 



that the slopes of the three straight hne fits through the gaps 
of samples A,B and C are quite similar yielding estimates of 
5i/3 =0.064, 0.058 and 0.075, respectively. By contrast, the 
intercepts at = 0, which yield estimates, Fj^'^' that vary by 
almost a factor 2, and reflect differences in sample quality. In 
Figures 2b and 2c we show the analysis of the states states at 
V = 2/5, 3/5 and v = 3/7, 4/7, respectively. We again note 
that the slope of the gaps as function of Ec are very similar for 
the two samples A and B. They yield estimates of 82/5 = 0.029 
for both samples (Figure 2b) and 83 p = 0.027 and 0.025 (Fig- 
ure 2c) for samples A and B, respectively. 

An alternative approach to determining r(v) is simply to 
attribute the difference between precise calculations of FQH 
gaps of disorder-free systems and measured gaps to the effects 
of disorder and use equation ^ as definition of r(v). Such 
calculations must of course include the effects of the finite 
thickness w of the two-dimensional electron system as well 
as LLM. We take account of LLM within the random phase 



approximation for the dielectric function [ p3| ] 

e(^,co) = 1 -y(^)n(^,co), 

and represent the electron-electron interaction by 



f/(r) 



(2^^^^^iM)' 



(5) 



(6) 



where 



Viq) 



2k£_ 
Kq 



erfc{qw) 



(7) 



is the interaction between electrons that are trapped at the in- 
terface in a Gaussian wave function of width w The po- 
larization n(^, co) in (n) is given by 



™* [vM-i] 

n(^,CO) = E ^'(v(.)-n) ^ F{k-v{s)) 

™ .s n=0 k=n+\ 



L^-"{x)L"-'{x)e- 



(7) 



where x = {q£o)^/2 and stands for the summation over spin 
s =ti i- The symbol [x] denotes the largest integer < x. Equa- 
tion (7) agrees with expression (Al) of Aleiner and Glazman 
|[l3|], which describes the spin degenerate case, v(t) — v(|) — 
N, with integer filling 2N. The function F{z) is introduced 
to treat the case of fractional filling and measures the filling 
fraction of the Landau level n, via F{z) — z for < z < 1, 
F{z) = 1 for z > 1 and F{z) = for z < 0. We have verified 
this method for incorporating finite width and LLM correc- 
tions at filling fraction v = 1 /3 where we could check that our 
results are consistent with those by Yoshioka [p^. Expres- 
sion (^) together with (^ and (|]) lead to a modification of the 
electron interaction at short separation, which is controlled by 
the dimensionless parameter X = Ec/1li£>c- Here cOf — eB/m*c 
stands for the cyclotron frequency, with m* the effective mass 
of the electrons. A full account of this method will be pub- 
lished elsewhere. 

For the particular sample of we have repeated the cal- 
culation of ^ using the interaction amended for LL mixing 
and taking account of the non-zero thickness of the wave- 
function. We have computed the quasiparticle and quasi- 
hole energies as described in and, by extrapolating to the 
thermodynamic limit, we have estimated the intrinsic gaps at 
V = 5/2 and v = 7/2. The gaps are 5"'(5/2) = 0.016, and 
5"'(7/2) = 0.015, and are close to the estimate dfj^ ~ O-l^ 
obtained from the experimental values of A" at v = 5 /2 and 
7/2, using (^ as discussed above. We have also calculated 
the finite width and LLM corrections for all the other states 
reported in references [|l[ I §1. These results are listed in 
Table 1 . As can be seen, the estimates 5"' of the gap coeffi- 
cients, calculated on the basis of the simple Ansatz (0) from 
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V v' 


Ref 


"v 


5"'(v) S'^v') 


r(v) r(v') 


1/3 2/3 




n 


0.069(9) 


0.75 0.074 


7.2K 6.4K 


1/3 5/3 




n 


0.077(4) 


0.075 0.057 


7.2K 5.3K 


1/3 2/3 


12 


|A 


0.063(2) 


0.077 0.073 


6.5K 5.3K 


1/3 5/3 


[2, 


^]A 


0.064(1) 


0.077 0.052 


6.5K 3. IK 


2/5 3/5 


12 


|A 


0.029(3) 


0.036 0.034 


3.0K 2.6K 


3/7 4/7 


12 


|A 


0.027(5) 


0.025 0.025 


2.3K 2.3K 


4/9 5/9 


12 


|A 


0.013(6) 


0.019 0.019 


2.2K 2.1K 


1/3 2/3 


12 


IB 


0.058(2) 


0.077 0.076 


9.4K 7.8K 


2/5 3/5 


12 


IB 


0.029(3) 


0.036 0.036 


4.3K 3.9K 


3/7 4/7 


12 


IB 


0.025(3) 


0.025 0.025 


3.6K 3.5K 


4/9 5/9 


12 


IB 


0.007(5) 


0.020 0.020 


3.3K 3.0K 


5/2 7/2 


1 




0.014 


0.016 0.015 


1.5K 1.4K 



Table I: The values for the intrinsic gap 5"' (see |2|) estimated by 
fitting the measured activation gaps A" to the Ansatz (^) for differ- 
ent samples, together with our theoretical values 8''' (v) for the gaps 
obtained from exact diagonalization studies (cf. |^]) and the corre- 
sponding gap reduction r(v) (see text). The theoretical values 6'''(v) 
include finite width and Landau level mixing corrections. Numbers 
in parentheses denote the error of the last quoted digit of 8y*'. These 
are calculated from the quoted experimental error [|l|] or from the dis- 
cretization error when extracting numerical data from experimental 
plots |i||. For the latter as well as for v = 5/2 and 7/2, no experi- 
mental uncertainty is specified. If for the values of A" of references 
1^, ^] similar uncertainties are assumed as specified in reference 
errors for samples A and B are 4-5 times bigger than quoted. 



last two columns of Table | and plotted in Figure ^ against 
the charge q = l/(2/? + l)of the elementary excitation of the 
FQH state at v = p/{2p + 1) or its symmetry related siblings. 
The values we obtain for r(v) scale with the charge of the 
excitation in each sample. They are comparable for families 
of symmetry related states as we assumed in (Q), with the 
assumption better justified the closer the filling fractions are 
to V = 1/2. However, in each family, r(v) is systematically 
smaller for larger filling factors, with smaller differences be- 
tween r(v) and r(l — v) when v is close to 1/2. The largest 
differences are for the case of v — 1/3,2/3 and 5/3, where 
r(l /3) is about twice r(5/3). We attribute this reduction of 
r(v) at larger v to LLM and other polarization/screening ef- 
fects which should increase as Iq/cI increases (for the v = 5 /3 
state in [||] lo/d ^ 1/3), but which would require a micro- 
scopic model of the response of the FQH system to potential 
variations to quantify. 

A reduction of the gap as a result of disorder is reminiscent 
of what happens in models of the effects of disorder on the 
integer quantum Hall effect (IQHE) in the variable range hop- 
ping regime [|l^. However, this model is not thought to apply 
in the regime of large d, and may not be adequate to describe 
the gap reductions that have been observed. 

The authors acknowledge useful discussions with B.I. 
Halperin. 
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Figure 3: r(v) for various samples of differerent high electron mobil- 
ity plotted as a function of the charge of the elementary excitations. 
The full symbols refer to sample A, open triangles and diamonds to 
sample B [^, ^, the data on the dash-dotted line represent v = 5/2 
and 7/2 [^]. The triangles refer to v, diamonds to 1 —v. 



the experimental values of the activation gap A", are consis- 
tent with the theoretical values 5'''(v) within realistic error 
bars (cf. caption of Table ||). We also note that the gap co- 
efficients 5'''(v) for symmetry related states are indeed very 
similar even when finite width and LLM effects are taken into 
account. With the exception of the v = 5/3 case, our assump- 
tion 5(v') « 5(v) for all v in the set Sv of symmetry related 
states therefore appears reasonable. 

Estimates for r(v), based on equation (^, are listed in the 
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